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ABSTRACT 
Let G be a simple graph on n vertices, and let L be the Laplacian matrix of G. 
We point out some connections between the geometric properties of G and the 
spectrum of L. The multiplicities and eigenspaces as well as the eigenvalues of L are 
of geometric interest. Some historical information and relations of L to other matrices 
associated with G are also described. 
I. SOME ELEMENTARY GRAPH THEORY 
A graph on a nonempty vertex set V is G = (V, E), where the edge set E 
is a subset of V X V. An edge of the form (v, v> E E is referred to as a loop. 
The graph is said to be undirected if and only if (u, 2;) E E implies (v, U) E E. 
If the definition of E is modified to allow multiplicities, this leads to the 
definition of a graph with multiple edges. 
A graph G is simple if and only if G is undirected with no loops or 
multiple edges, so that edges may be regarded as unordered pairs of vertices 
rather than ordered pairs. Although much of what will be said is true in more 
generality, we will assume that G is simple, and the term “graph” will mean 
a simple graph on a finite vertex set unless otherwise specified. Further- 
more, we will assume for simplicity that V = {1,2,. . . , n) rather than 
V={zj,,v2 )..., v,,}. 
*This paper provides details for, and amplification of, a talk given by the author at the 
inaugural meeting of the International Linear Algebra Society which was held at Brigham Young 
University in August 1989. 
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We say that e E E is incident with vertex i E V if and only if i E e, and 
that vertices i, j are adjucent if and only if (i, j) E E. The degree of vertex i 
is the number of edges incident with i, or equivalently (since G is simple), 
the number of vertices which are adjacent to i. A vertex i with deg i = 1 is 
called a pendant vertex. 
A path in G from vertex i to vertex j is a sequence of edges 
(i, i,),(i,,i,), . ,(i,, j). The length o such a path is just the number of f 
edges. Such a path is closed if i = j, and simple if no intermediate vertex 
appears in more than two edges of the path. A closed simple path is a cycle. 
The graph G is connected if and only if there is a path from i to j for all 
i, j E V. If G is connected and i, j E V, then the distance from i to j is the 
minimum length of a path from i to j, denoted by dist(i,j). We define 
dist(i, i) to be zero for all i E V. The diameter of a connected graph is the 
maximum distance between pairs of vertices in V. A subgruph of G = (V, E) 
is a graph G’ = (V’, E’) with V’ c V and E’ c E. If V, c V, then the induced 
subgruph is G, = (V,, E,), where E, consists of all edges in E which have 
both vertices in V,. The maximal connected induced subgraphs of G are the 
components of G. 
A graph is a forest (or acyclic) if and only if it has no cycles of length 
greater than 2. A connected acyclic graph is a tree. A spanning tree of a 
grapil G = (V, E) ‘. 15 a subgraph T = (V, E’) of G where T is a tree. The 
number of spanning trees of G is the complexity of G, denoted by k(G). 
If G = (V, E), then the complementury gruph is G’ = (V, E“), where 
{i, j} E EC if and only if (i, j) @ E”. The line gruph of G = (V, E) is G* = 
(E, I?), where F consists of all pairs of edges in E which are incident to a 
common vertex. 
A graph G = (V, E) is said to be bipartite if V is the disjoint union of V, 
and V, and every edge in E has one vertex in each of V, and V2. If IV,/ = t, 
IV__/ = n -t, and E consists of all edges from V, to V2, then G = (V, E) is a 
complete bipartite graph, denoted by K,,,, _ ,. If V is partitioned into k 
disjoint subsets V,, . ,V, of orders nl,. ,nli, then the graph defined via 
E=((i,j)l{i,j)eL7,, all s=l,..., k) is a complete k-purtite gruph, denoted 
by K ,2,, ,p,,,_,,~I. Observe that G contains a complete k-partite graph as a 
subgraph if and only if G” has at least k components. The covnplete gruph 
on vertices V = (1,. . , n) is K,,, which has all 
( 1 
i possible edges. The 
complement of K,, is G = (V, 0), the empty gruph on n vertices. 
II. MATRICES OF GRAPHS 
There are several matrices which may be associated with a finite simple 
graph G=(V,E). If V={l,..., n), then perhaps the most commonly associ- 
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ated matrix is the n-by-n adjucency mutrix, A = A(G), defined by 
(1 
= 1 if (i,j)EE, 
1, 0 otherwise. 
Since G is simple, A is a symmetric (0,l) matrix with zero diagonal. The 
term “algebraic graph theory” may be loosely defined as the theor): which 
relates the geometric structure of G with the spectral properties of A. Some 
excellent general references arc the books by N. Biggs [3]; CvetkovZ, Doob, 
and Sachs [9]; and Cvetkovid, Doob, Gutman, and Toraasev [lo]. Slatrix 
theorists are familiar with the adjacency matrix through the work of 1). Kiinig 
[25, 261, which dates to the 1930’ s and before. An explosion of activity in 
algebraic graph theory began in the 1950s with such people as Collatz and 
Sinogowitz [T] and A. J. Hoffman [23]. 
Suppose that 1 El = m and E = {e,, , e,,,}. Another matrix associated 
with G is the n-by-m certex-edge incidence rnutris Q = Q(G) defined by 
1 if i E c>.i , 
0 otherwise, 
which has been studied by Poincark [36], among others. A variant of Q is 
obtained by assigning an orientution to G. In matrix terms this amounts to 
changing one of the two l’s in each column of Q to - 1. Thus there arc 2”’ 
orientations of G, and WC will dcnotc by 0 any of the 2”’ oriented versions 
of Q. 
The distunce mutrix of a connected graph G = (V, E) is D = D(G) 
defined via 
d,, = dist( i, j), 
which has been studied since Cayley [6]. More recent results have concerned 
the case when G is a tree. Edelberg, Garey, and Graham [ll] studied the 
coefficients of det[ XI,, - D(T)] f or rets on n vertices. Among other things t ‘. 
they noticed that det D(T) is constant for fixed n and that D(T) has exactly 
one positive and II - 1 negative eigenvalues. Graham and Lo&z [16] contin- 
ued this work and also considered relations between D(T)-’ and A(T). 
Merris [30] observed that @ii))“D(T)Q(T)= -21,,_, and used this to 
obtain an interlacing theorem concerning the eigenvalucs of D(T). 
The matrix that this paper is concerned with is the matrix defined as 
L(G)=A(G)-A(G), 
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where A(G) is the adjacency matrix of G and 
A(G) =diag(deg(l),...,deg(n)). 
This matrix is variously referred to as the Laplacian matrix, Kirchhoff matrix, 
or matrix of admittance. The term Laplacian comes from the fact that such 
matrices arise when using discretizations in looking for nontrivial solutions to 
A4 = A4 on a region R. We will use the term Laplacian, and the rest of this 
monograph will be concerned with properties of Laplacians and an “edge 
version” of the Laplacian which will be introduced later. 
III. ORIGINS OF THE LAPLACIAN 
Many members of the linear-algebra community became aware of the 
Laplacian matrix through one of several papers written in the early 1970s. 
One was a preprint circulated by Anderson and Morley around 1971 which 
eventually appeared in 1985 [l]. My own introduction was through the work 
of Fiedler, which appeared in 1973 [13]. Subsequent to my initiation by 
Fiedler, it was pointed out to me by U. S. R. Murty that this matrix has a 
much longer history. The following celebrated result is attributable to 
Kirchhoff [24] in an 1847 paper concerned with electrical networks. 
THEOREM 1 (Matrix-tree theorem). Zf L = L(G), where G is a graph on 
n vertices, then k(G)=(-l)i+Jdet L(i]j) for aEZ i,j = l,...,n. 
This theorem may be trivially restated in several ways that will be of 
interest in later discussion. One is that adjL = k(G).J,, where J, is the 
n-by-n matrix of 1’s. Another is that the coefficient of x in the characteristic 
polynomial of L equals + d(G). Thirdly, if A, > . . . 3 A,, = 0 are the 
eigenvalues of L, then A,A, . . . A,_, = d(G). 
The object of this paper is to mention some recent work which investi- 
gates the relations between the spectral properties of L and the geometric 
properties of G. The list of topics covered is avowedly idiosyncratic, and the 
interested reader is invited to examine some of the papers mentioned in the 
bibliography. Mohar [33, 341, for example, has some interesting recent 
surveys on the Laplacian. Also, much work has been done concerning 
permanents and the Laplacian [2, 4, 12, 27, 32, 39, 401, which we will not 
discuss here. 
Before proceeding to more technical aspects of the Laplacian, we pause 
to point out some facts concerning L which either are obvious from the 
definition and/or can be found in the previously mentioned works of Fiedler 
[13] or Anderson and Morley [I]. It is clear that L is a positive semidefinite 
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singular M-matrix with Le = 0, where e = (1,. . , 1)r. Furthermore, the nul- 
lity of L equals the number of components of G. If G, = (V, E,) and 
G, = (V, E,) with E, G E,, then L(G,) < L(G,). If IV] = rr, then L(G)+ 
L(G”) = L( K,) = nl, - J,. A very useful fact is that for any oriented vertex- 
edge incidence matrix o= g(G), L(G) can be factored as L(G) = 
@G@(G)? 
IV. ALGEBRAIC CONNECTIVITY AND 
CHARACTERISTIC VALUATIONS 
Suppose that L = L(G) has eigenvalues A, > A, > . . . > A,, = 0. Fiedler 
[I31 has used the term algebraic connectivity in referring to the second 
smallest eigenvalue of L. We use the notation a(G) rather than A,_ ,(G) to 
denote the algebraic connectivity. The motivation for this language becomes 
evident in the following theorem. 
THEOREM 2 [13]. Let G = (V, E) be a graph on n vertices with algebraic 
connectivity a(G). Then: 
(i) 0 < a(G) < n. 
(ii) a(G) = 0 iff G is not connected. 
(iii) a(G) = n iff G = K,. 
(iv) lfG, =(V, E,) is a s&graph of G, then a(G,) =Z a(G). 
(v) If G is a tree, then 0 < a(G) < 1, and a(G) = 1 if G is the star 
K l,n-I' 
(vi) If G + K,,, then a(G)< v(G)< e(G), where v(G) is the vertex 
connectivity of G and e(G) is the edge connectivity of G. 
The fact that a(G) reflects connectivity has attracted a considerable 
amount of study, some of which we will discuss here. Mohar, and others, 
have also examined relationships between u(G) and diameters or isoperimet- 
ric properties of graphs. The interested reader might consult [3], [9], [33], or 
[34]. It is interesting to note that in the continuous case there has been 
similar interest in recent years in the small eigenvalues of the Laplace 
operator on a Riemann surface. For example: 
THEOREM [37]. L.et S be a compact Riemann surface of genus g > 2 
whose j&-St k nonzero eigenvalues are less than 6 > 0. Then there exists 
(Y = (y(g) > 0 such that the closed geodesics of length less than (~8 separate S 
into k + 1 pieces and all other closed geodesics of S have length greater 
than (Y. 
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For further information on results of this type, consult Burger [5], Mohar 
[35], or de Verdi&e [38]. 
Fiedler has also coined the term charucteristic culuation in referring to 
an eigenvector of L(G) corresponding to u(G) [14, 151. This terminology 
reflects the fact that an eigcnvector is just a function on, or labeling of, the 
vertices of G. Most of the results obtained have been in the case when 
G = T, a tree. The following result of Fiedler [Id] describes the structure of 
characteristic valuations of trees. 
TIIEOKE\I 3. Suppose c E R” is un eigenvector of L( T) corresponding to 
a(T) for some tree T. Then two cases can occur. 
Case 1: ZfV=(iIfiI=O}#O, th en tl ze graph f = (v, I?> induced by T is 
u tree urd there is exactly one vertex i E v which is djacent (in T) to u 
oertex not in V. 34oreocer, the values of u, ulong any path in T sturting at i 
are either increusing, decreasing, or identicully zero. 
Case 2: If ci f 0, ull i = 1,. ,a, then there exist,s exactly one e&e (s, t) 
of T with L‘, > 0 and c, < 0. Moreocer, the culues of zji ulong any path in T 
starting ut s which does not include t ure increasing, while the dues along 
any path in T startin:: ut t which does not include s are decreasing. 
In [28], Merris showed that for a particular tree, which of cases 1 and 2 
occurs is independent of which characteristic valuation was chosen for T, and 
that the vertex i which occurs in case 1 and the edge (s, t) which occurs in 
case 2 are also independent of the characteristic valuation. \Ve will refer to a 
tree as type I or type II if cast 1 or case 2 occurs. The vertex i described in 
case 1 is the characteristic certex of T, and the edge (s, t ) described in case 
2 is the characteristic e&e of t. It is worth noting that if T is type II, then 
u(T) must be a simple eigenvalue of L(T). 
There have been some further attempts to examine the structure of 
characteristic valuations of trees. In [I71 the author and h4erris obtained 
some results for type-I trees in terms of principal submatrices of L(T >. The 
monotone properties of characteristic valuations on paths away from the 
characteristic edge or vertex as described in Theorem 3 received more 
attention in [21]. The author and Merris showed that the increases or 
decreases in the components of the characteristic valuation are larger in 
magnitude nearer the characteristic edge or vertex. 
V. EIGENVALUE 14ULTIPLICITIES OF THE LAPLACIAN 
Perhaps the most striking (and at the same time elementary) result which 
relates the geometry of G to eigenvalue multiplicities of L(G) is the 
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previously mentioned result that the number of components of G equals the 
multiplicity of zero as an eigenvalue of L(G). This result is a corollary to 
the matrix-tree theorem, since the components of G correspond to the 
irreducible summands in a direct-sum decomposition of L(G), and each of 
these has positive adjugate and hence nullity equal to 1. 
In [17] the author and Merris sought a geometric interpretation of the 
multiplicity of u(T) when T is a type-1 tree. Suppose that the characteristic 
vertex of T is n and that T has k ( = deg n) branches at n, these being 
defined as the components of the graph obtained by deleting n from T. Call 
a branch at n active if there is some characteristic valuation which is positive 
on that branch, and call the branch pussiue if cvev characteristic valuation is 
zero on it. Along with some results on the structure of characteristic 
valuations of T, we established the following: 
TIIEOKEM 4. Suppose T is u type-l tree with characteristic vertex n. Then 
the multiplicity of a(T) as un eigenvnlue of L(T) is one less than the number 
of active branches of T at n. 
Suppose that a connected graph has ~1 pendant vertices and (4 rpasipen- 
dant vertices, which are those adjacent to pendant vertices. The star degree 
of G, then, is p - (4. It follows from a result of Faria [12] concerning the 
permanental polynomial, per[*I,, - L(G)], that the multiplicity of A = 1 as an 
eigenvalue of L(G) is at least the star degree of G. The following result of 
the author, Merris, and Sunder [22] k’ rives a matrix characterization of the 
exact multiplicity of A = 1. 
TIIEOKE.V 5. Let G he a gruph with p pendunt vertices, q quasipendunt 
vertices, and r = n - p - y other vertices. The erect multiplicity of A = 1 us 
an eigenvalue of L(G) is the stur degree, p - y, ~1~s the multiplicity of A = 1 
as un eigencalue of the r-by-r principal submatrix of L(G) corresponding to 
the r Gertices which m-e neither pendunt nor quasipendant. 
In [22], some graph-theoretic bounds on the multiplicity of A = 1 are 
derived from Theorem 5. 
In view of the geometric significance of the multiplicities of 0 and 1 as 
eigenvalues of L(G), one might wonder about the multiplicities of other 
integral eigenvalues of L(G). It was noted in [22] that if G = T, a tree on n 
vertices, then any integral eigenvalue A 2 2 must be a simple eigenvalue and 
a divisor of n. 
When G is not a tree, then integers larger than 1 may be multiple 
eigenvalues. It has already been mentioned that any eigenvalue of L(G) is 
bounded above by n, the number of vertices. In [Al], Zimmermann obtained 
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the following result characterizing the multiplicity of A = n as an eigenvalue 
of L(G). This result also appears in [42]. 
THEOREM 6. If G = (V, E) is a graph on n vertices, then n is an 
eigenvalue of L(G) of multiplicity d if and only if G contains a complete 
(d + I)-partite subgraph on V. 
VI. EIGENVALUE LOCATION THEOREMS 
There are a few results concerning the number of eigenvalues of L(G) 
that lie in certain intervals. We have already noted that [0, n] contains the 
spectrum of L(G) if G is a graph on n vertices. If nz is the maximum degree 
of a vertex of G, then it is clear from Gersgorin’s theorem that [0,2m] 
contains the spectrum of L(G). The results in the following theorem were 
obtained by the author, Men-is, and Sunder in [22]. 
TIIEOREM 7. Suppose G is a graph on n vertices with p pendant vertices 
and q quasipendant vertices, and that the diameter of G is d. Then G has at 
least: 
(1) p eigenvalues in [0, 11; 
(2) q eigenvalues in [0, 1); 
(3) p eigenvakes in [l, n]; 
(4) y eigenvalues in (1, n]; 
(5) [d /2] eigenvalues in (2, n], where [x] is the greatest-integer function; 
and 
(6) [d /2] eigenvakes in (0, l), when G is a tree. 
Along the same lines, Merris [3I] has obtained the following. 
THEOREM 8. Suppose G is a graph on n vertices with 9 yuasipendant 
vertices. Then L(G) has at least q eigenvalues in (2, n]. 
VII. OPERATIONS ON G 
There are several results which are concerned with the effect on the 
spectrum of the Laplacian of G caused by certain operations on G. We have 
already mentioned one such result: if G’ is obtained from G by adding an 
edge between two nonadjacent vertices, then L(G’) > L(G) and so every 
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eigenvalue of L(G) is greater than or equal to the corresponding eigenvalue 
of L(G). 
In [I7], the author and Men-is found that if T is a type-1 tree with 
characteristic vertex n, then deleting a passive branch of T at n will not 
affect U(T). It was also noted that certain branches could be added to the 
vertex n which would be passive and not change a(T). For example, if a 
single vertex (say rr + 1) with an edge connecting it to n is added to T to 
form T’, then a(T) = a(T). A criterion on how “large” a branch may be 
added to n was given in terms of “rooted Laplacians” of trees. 
The author, Men-is, and Sunder have some further results along these 
lines in [22]. A tool that is used in this paper as well as in 1201, [21], [29], and 
[3O] is the so-called edge tiersion of the Laplacian. Recall that L(G) can be 
factored as L(G) = @G)QT(G), where @G) is the lVI-by-1 El oriented 
version of the vertex-edge incidence matrix. We define an edge version of - 
the Laplacian of G as the ( E I-by-] ~1 matrix K(G) = Q’(G)@(G). Notice that 
the rows and columns of K(G) are indexed by the edges of G (in some 
order) and that the positive eigenvalues of L(G) and K(G) coincide. When 
G = I’, a tree on n vertices, then K(T) is n - 1 by n - 1 with smallest 
eigenvalue a(T). Sometimes it is easier to deal with K(G) rather than L(G) 
when trying to establish spectral results concerning Laplacians. This was a 
technique used in [22], where we examined the influence of “moving an 
edge” in the geometric senses of (1) moving it without affecting the end- 
points, (2) moving it and identifying its endpoints (referred to as collapsing 
an edge), and (3) removing an edge between two adjacent vertices while 
adding an edge between two nonadjacent vertices. 
In [2I] the author and Merris used K(G) to define edge valuations of a 
graph which are analogous to the characteristic valuations (or vertex valua- 
tions) of Fiedler. We were able to obtain further monotonicity results 
concerning characteristic valuations along the same lines as those in Theorem 
1. We were also able to obtain a result on the “coalescence” of two graphs 
using the edge version of L(G). Let G, and G, be disjoint graphs on n1 and 
n2 vertices respectively. By a coalescence of G, and G, we mean any of the 
n ,nz graphs obtained by identifying a vertex of G, with a vertex of G,. 
Hence a coalescence of G, with G, is a graph on n, + n2 - 1 vertices. The 
union of G, with G, is the graph on n, + n2 vertices formed by taking the 
union of the vertex sets and edge sets of G, and G,. 
T~EOHEU 9. Let G, . G, be a coalescence of disjoint graphs G, and G,, 
and let G, U G, be their union. Then the spectrum of L(G; G,) mujorizes the 
spectrum of L(G, U Ga). 
In [2O], the author and Men-is sought to make sense of the partial order 
defined on the set of trees on n vertices by their algebraic connectivity. 
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Suppose i is a vertex of T. By a branch at i we mean a component of the 
graph obtained by deleting i from the vertex set of T. Suppose that i is not 
the characteristic vertex (if T is type I> or that i is not on the characteristic 
edge (if T is type II>, and that B is a branch of T at i which does not 
contain the characteristic vertex (if T is type I> or the characteristic edge (if 
T is type II). We found that if the vertex in B which is adjacent in T to i is 
disconnected from i and reattached to a vertex on the path from i to either 
the characteristic edge or vertex, then the algebraic connectivity is not 
decreased. 
REFERENCES 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 
12 
13 
I-1 
15 
16 
17 
\V. N. Anderson, Jr. and T. D. Slorley. Eigenvalucs of the Laplacian of a graph, 
Linear und Multilineur Algebru 18:141-135 (1985). 
A. B. Bapat, A bound for the permanent of the Laplacian matrix, Lineur AZgebru 
Appl. 74:219-223 (1986). 
N. Biggs, Algybruic Gruph Theory, Cambridge U.P., 1974. 
R. A. Brualdi and J. L. Goldwasser. Permanent of the Laplacian matrix of trees 
and bipartite graphs, Discrete Math. 45:181-188 (1983). 
M. Burger, Asymptotics of small eigenvalues of Riemann surfaces, Bull. Amer. 
Muth. Sot. 18:39-40 (1988). 
A. Cayley, Cumbridgc Math. /. 2267 (1841). 
L. Collatz and LJ. Sinogowitz, Spektren endlicher Grafen, A611. Muth. Sem. Unit. 
Numburg 21:fi3-77 (1957). 
D. Cvetkovid and Ril. Doob, Developments in the theory of graph spectra, Linrur 
and Mtdtilineur Algebra 18:1.53-181 (1985). 
D. Cvetkovib, M. Doob, and 1-I. Sachs, Spectru oj’ Cruphs, Acudemic, ~\‘PK York, 
1979. 
D. Cvetkovib, M. Doob, 1. Gutman, and A. TorWasev, Recent Results in the 
Theory of Gruph Spectra, North-Holland, 1988. 
M. Edelberg, 41. R. Garey, and R. L. Graham, On the distance matrix of a tree, 
Discrete Math. 14323-39 (1976). 
I. Faria, Permanental roots and the star degree of a graph, Linear Algebru Appl. 
643255-265 (1985). 
.c1. Fiedler, Algebraic connectivity of graphs, Czechoslwxk Muth. J. 23:298-305 
(1973). 
hl. Fitidler, Eigenvectors of aq~clic matrices, Cxchoslouuk Math. J. 25:607-618 
(1975). 
M. Fiedler, A property of eigenvectors of nonnegative symmetric matrices and its 
application to graph theory, C.z-echoslocuk Muth. /. 25:619-633 (1975). 
R. L. Graham and L. Loviisz, Distance matrix polynomials of trees, Adc. in Math. 
29:60-88 (1978). 
R. Grone and R. Merris, Algebraic connectivity of trees, CzechosZovak Math. J. 
37:660-670 (1987). 
ON THE GEOMETRY AND LAPLACIAN OF A GRAPH 177 
18 R. Grone and R. Merris, A bound for the complexity of a simple graph, Discrete 
Math. 69:97-99 (1988). 
19 R. Grone and R. Merris, Cutpoints, lobes, and the spectra of graphs, Portugal. 
Math. 45:1-8 (1988). 
20 R. Grone and R. Merris, Ordering trees by algebraic connectivity, Graphs 
Combin., to appear. 
21 R. Grone and R. Merris, Coalescence, majorization, edge valuations and the 
Laplacian spectra of graphs, Linear and Mu&linear Algebra, 27:139-146 (1990). 
22 R. Grone, R. Merris, and V. S. Sunder, The Laplacian spectrum of a graph, SIAM 
1. Matrix Anal. 11:218-238 (1990). 
23 A. J. Hoffman, On the exceptional case in a characterization of the arcs of a 
complete graph, IBM /. Res. Develop. 4:487-496 (19601. 
24 G. Kirchhoff, iiber die Auflosung der Gleichungen, aus welche man bei der 
Untersuchung der linearen Verteilung galvanischer Striime geftirht wird, Ann. 
Phys. Chem. 72:497-508 (1847). 
25 D. K&rig, Theorie der Endlichen und G’nendlichen Gruphen, Akademie Verlags- 
gesellschaft, Leipzig, 1936. 
26 D. Konig, Theory oj Finite and Infinite Gruphs (transl. by R. McCoartl, 
Birkhauser, Boston, 1989. 
27 R. Merris. The Laplacian permanental polynomial for trees, C~echoslavuk Math. 
J. 32:391-403 (1982). 
28 R. Merris, Characteristic vertices of trees, Lineur and Multilinear Algebra 
22:115-131 (1987). 
29 R. Merris, An edge version of the matrix-tree theorem and the Wiener index, 
Linear und Multilinear Algebra 25:291-296 (1989). 
30 R. Merris, The distance spectrum of a tree, /. Graph Theory 14:365-369 (1990). 
31 R. Merris, The number of eigenvalues greater than two in the Laplacian 
spectrum of a graph, Portugahue Muthematicu, to appear. 
32 R. Merris, K. R. Rebman, and W. \Yatkins, Permanental polynomials of graphs, 
Linear Algebru Appl. 38:273-288 (1981). 
33 B. Mohar, The Laplacian spectrum of graphs, No. 261. Preprint Ser. Dept. Muth. 
Univ. E. K. Ljubljunu 26:353-384 (1988). 
34 B. Mohar, Laplacian matrices of graphs, No. 262, Preprint Ser. Dept. Math. 
Unic. E. K. LjubGunu 26:385-392 (1988). 
35 B. Mohar, The diameter and the mean distance of a Riemannian manifold, Bull. 
Amer. Math. Sot. 21:261-264 (1989). 
36 II. Poincare, Second complement h l’analysis situs, Proc. London Math. SW. 
32:277-308 (1900). 
37 R. Schoen. S. Wolpert, and S. T. Yau, Geometric bounds on low eigenvalues of a 
compact Riemann surface, in Geometry of the Lupuce Operutor, Proc. Sympos. 
Pure Math. 36, AMS, Providence, R.I., 1980, pp. 279-285. 
38 Y. Cohn de Verdi&-e, Sur la multiplicite de la premiere valeur propre non null 
du laplacien, Comment. Muth. Helzj. 61:254-270 (1986). 
39 A. Vrba, The permanent of the Laplacian matrix of a bipartite graph, Czechoslo- 
oak Math J. 36:7-17 (1986). 
178 ROBERT GRONE 
40 A. Vrba, Principal subpermanents of the Laplacian matrix, Linear and M&linear 
Algebra 19:335-346 (1986). 
41 G. Zimmermann, Laplacian Spectra of Graphs, M.A. Thesis, Dept. of Mathemati- 
cal Sciences, San Diego State Univ., 1989. 
42 G. Zimmermann and R. Grone, Large eigenvalues of the Laplacian, Linear and 
Multilinear Algebra, 28~45-47 (1990). 
Received 14 March 1990; j&ml manu.script accepted 21 May 1990 
